
QFT — Dirac Basics: assignment 5

1. two-component Klein-Gordon fields

(i) A second order differential equation can be reduced to coupled first order
differential equations. Do this for the free complex KG field by setting

φ =

(

φ+

φ−

)

with φ± = 1√
2m

(±i∂t +m)ψ. If

i
∂φ

∂t
= Hφ

determine the 2x2 matrix H .

(ii) Set

φ(±) =

(

χ

η

)

ei(~k·~x∓Et

and determine φ
(+)
k (x) and φ

(−)
−k (x) (up to a normalisation).

(iii) Consider charge conjugation in this approach. Let φ → φC = Cφ∗

where C is a 2x2 matrix to be determined. Find C such that φC obeys the same

equation as φ and show that φ
(−)C
−k = φ

(+)
k . Interpret this equation.

2. completeness

(i) Show that

∑

ps

[

ψ(+)
ps (x)ψ(+)†

ps (y) + ψ(−)
ps (x)ψ(−)†

ps (y)
]

= δ(x− y)

.
(ii) Show

∑

s

u(p, s)ū(p, s) = 6p+m.

3. Diracology

Using {γµ, γν} = 2gµν prove
(i) {γ5, γµ} = 0
(ii) 6p 6p = p2

(iii) Tr(6a 6b) = 4a · b.
(iv) Tr(odd no γ′s) = 0. (Hint, insert γ2

5 = 1 in the trace.)
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(v) Tr(6 a 6 b 6 c 6 d) = 4[(a · b)(c · d) − (a · c)(b · d) + (a · d)(b · c)] (Hint: use
6a 6b+ 6b 6a = 2a · b repeatedly.)

(vi) Tr(γ5) = 0.
(vii) Tr(γ5 6a 6b) = 0
(viii) Tr(γ5 6a 6b 6c 6d) = 4iεµνλσa

µbνcλdσ.
(ix) γµγ

µ = 4
(x) γµ 6aγµ = −2 6a
(xi) γµ 6a 6bγµ = 4a · b
(xii) γµ 6a 6b 6cγµ = −2 6c 6b 6a

4. conservation of total spin

Show that [H, ~J ] = 0 where H = α · ~p + βm and ~J = ~L + 1
2
~Σ with ~Σ =

diag(~σ, ~σ).

5. Lorentz invariance

(i) Show S−1γµS = Λµ
·νγ

ν to first order. Thus γµ transforms as a 4-vector.
(ii) Prove S−1 = γ0S†γ0.
(iii) Prove γ5S = Sγ5.
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