QFT — assignment 1: EM Fields and Ladder Operators

1. Show that the radiation field is transverse, V - A=0and obeys the wave
equation V2A — C%afA = 0. Your starting point should be the mode expansion
of the quantum field.

2. Prove that H = ),  hwNi, and P = Y ke hENka. Use the mode
expansion of the quantum field.

3. Derive an expression for the decay rate for A — B~y. You may use Fermi’s
Golden Rule; denote the decay amplitude as A and do not evaluate it.

4. gauge invariance of a nonrelativistic particle coupled to photons

-,

Prove that if Hi¢ = ihtp where H = ﬁ(ﬁ— e/cA)? + e¢ then a solution to

the gauge transformed Schrédinger equation (obtained by setting A— A+ VA,
¢ — ¢ — A) is given by

Pa = ereh@y (1)

Te, Hyton = ihiay.

Thus the spectrum is preserved under a gauge transformation, and the impo-
sition of a gauge transformation requires the simultaneous rotation of the phase
of the wavefunction.

Note that this result implies that the general solution to Schrédinger’s equa-
tion in the presence of a vector potential can be written as

vle) = 0O @esplss [ A@) - as() )

where (%) satisfies the Schrodinger equation with A=0.

5. coherent states [Mandl and Shaw, 1.1]
A coherent state is a minimum uncertainty wavepacket, and thus represents
the ‘most classical” wavefunction that can be formed. Let

o) = eleF/2 3 %m (3)

af )m
where ¢ is a complex number and |n) = %|O) Prove that

(i) |¢) is normalised
(il) akalc) =Ac|c>
(it) 7 = {cN]c) = |ef?



(iv) (c|E(Z,t)|c) = — ok 1/%7“’€(k, )|c|sin(k - # — wt 4 arg(c)). Use linear
polarisation vectors.



